We propose to measure the quantum state of a single mode of the radiation field in a cavitythe signal field-by coupling it via a quantum-non-demolition Hamiltonian to a meter field in a highly squeezed state. We show that quantum state tomography on the meter field using balanced homodyne detection provides full information about the signal state. We discuss the influence of measurement of the meter on the signal field.
I. INTRODUCTION
How to measure the quantum state of a single mode of the radiation field in a cavity? Various possibilities [1] [2] [3] [4] [5] [6] [7] offer themselves. However, a straightforward application of the method of quantum state tomography suggested in Ref. [8] and implemented experimentally in Refs. [9] [10] [11] does not work, since by coupling the field out of the resonator we change the field state. In the present paper we propose to couple the field via a quantum-non-demolition (QND) interaction [12] to a meter field on which we then perform tomography using a balanced homodyne detector. In this way we combine the idea of probing, that is doing endoscopy on the field without taking it out of the cavity, and the tool of tomography and arrive at the method of endoscopic quantum state tomography.
The goal of the present paper is to obtain information about the full quantum state of a single mode of the radiation field. To bring out the physics most clearly we assume that this field, referred to in the remainder of this article by the signal mode, is in a pure quantum state and neglect damping. We emphasize, however, that the method presented here also applies to a signal field described by a density operator. In contrast to the method of quantum state tomography [8] [9] [10] [11] based on homodyne detection, the present technique does not couple the signal field out of the resonator. In order to measure the signal field we couple it in a linear way to a meter field. Moreover, we couple both to a pump field. This allows us to achieve a quantum-non-demolition Hamiltonian describing the interaction between the signal and the meter mode. The use of a QND-Hamiltonian suggests that one might be able to arrange the scheme in such a way as to measure a complete quadrature distribution without repreparing the quantum state. In other words, repeated measurements on the meter change the signal state but keep the quadrature distribution invariant. We show that unfortunately this is not the case. This is closely related to the question if the wave function of a single quantum system could be measured [13] . Indeed Ref. [14] suggests that the wave function of a single quantum system could be measured by employing a series of "protective measurements" where an a priori knowledge of the wave function enables one to measure this wave function and protect it from changing at the same time. However, Alter and Yamamoto [15] showed that a series of repeated weak quantum non-demolition measurements gives no information about the wave function of the system. The same authors [16] have also argued that it is not allowed to measure the full state of a single quantum system. Recently, D'Ariano and Yuen [17] have independently proven the impossibility of measuring the wave function of a single quantum system. The present intentions are much less ambitious since, eventually, we do not want to measure the full state of a single quantum system, but only the quadrature probability distribution.
The article is organized as follows: In Sec. II we rederive the relevant QND Hamiltonian emphasizing its dependence on the phase of the pump field which allows us to probe all quadratures of the signal field. We devote Sec. III to the calculation of the entangled state of meter and signal originating from the unitary time evolution due to the QND Hamiltonian. In Sec. IV we study the influence of the measurement of the meter on the signal field and in Sec. V we consider two special cases: in phase and out of phase measurements. In Sec. VI we then turn to the question of tomography using a QND Hamiltonian. In Sec. VII we give a general argument which shows the impossibility of having a (QND) measurement which simultaneously keeps the probability distribution unchanged and gives information about the measured observable. We conclude in Sec. VIII by summarizing our main results. In order to keep the article self-contained we have included all relevant calculations but have sum-marized longer ones in Appendices A and B.
II. QND HAMILTONIAN
In the present section we derive the QND Hamiltonian used in our tomographic scheme to couple the signal to the meter field. This treatment brings out clearly how the phase of the pump field allows us to probe every quadrature of the signal.
Our model starts from the Hamiltonian
denote the annihilation (creation) operators of the signal, meter, and pump field, respectively. The parameters χ and σ measure the coupling between the three fields, and the meter and signal field, respectively.
A possible scheme of the measurement strategy suggested in this paper is shown in Fig. 1 . We assume that the crystal is present in the cavity when we prepare the signal field. In this case the pump and the meter field are in vacuum states and the resulting modifications on the signal due to the presence of the crystal can be easily taken into account.
When the pump field is highly excited we can describe it by a coherent state of amplitude α and phase 2φ, that isâ
Here we have defined the phase 2φ rather than φ as to simplify the resulting equations. It is the variation of this phase φ of the pump field which allows us to perform tomography on the signal field. To understand this in more detail we substitute the coherent state approximation, Eq. (2.2), of the pump field into the Hamiltonian, Eq. (2.1), and find after minor algebrâ
Here we have arranged the strength α of the pump field such that χα = σ. Moreover, we have introduced the quadrature operatorŝ
of the signal (j = s) and the meter (j = m) mode at the angle θ.
Note that due to the special choice χα = σ of the pump field we have achieved an interaction between the signal and the meter which couples the quadrature operatorx m (φ) of the meter at phase angle φ to the outof-phase quadrature operatorx s (φ + π/2) of the signal. Such Hamiltonians have been studied extensively [18] [19] [20] [21] [22] [23] [24] in the context of quantum non-demolition measurements.
In the present paper we analyze how such a Hamiltonian can be used to measure the quantum state of the signal field. We note that according to the QND Hamiltonian Eq. (2.3) a measurement of the meter at a fixed phase φ of the pump field provides information about the signal in the out of phase quadrature. By varying the phase φ of the pump field we can probe in this way all quadratures of the signal. We conclude this section by noting that we can achieve a measurement of the meter quadrature operator by a homodyne measurement of the meter mode.
III. ENTANGLEMENT
We now calculate the combined state |Ψ of signal and meter obtained from the QND interaction Hamiltonian, Eq. (2.3).
When we couple the signal and meter mode prepared initially in the states |ψ s and |ψ m we find the quantum state
for the combined system after the interaction time t. This time is determined by the decay time of the cavity. To evaluate the above expression we expand the initial signal state in quadrature states |x
We emphasize that this representation and, in particular, the wave function ψ s (x s ; φ + π/2) ≡ x s (φ + π/2)|ψ s depend crucially on the angle θ s . We substitute the expression Eq. (3.2) for the signal state into Eq. (3.1), use the eigenvalue equation
for the signal quadrature state |x s (θ) at angle θ, and arrive at the combined state
of signal and meter.
To find the action of the exponential operator in Eq. (3.4) on the meter state |ψ m it is convenient to expand |ψ m in quadrature states |x m (θ) of the meter at the angle θ, that is 5) where ψ m (x m ; θ) ≡ x m (θ)|ψ m denotes the wave function of the meter state at the angle θ. Note that this angle is still arbitrary and is not necessarily identical to the angle φ in the Hamiltonian. According to the Appendices A and B we find
denotes the phase accumulated due to the interaction. Hence the combined quantum state reads
We note that due to the coupling between the meter and the signal via the Hamiltonian Eq. (2.3), the meter wave function ψ m (x m ; θ) at the angle θ gets shifted by an amount δx m ≡ 2σtx s sin(θ − φ). This shift is proportional to the interaction strength σt, the signal variable x s and the sine of the angle θ − φ.
IV. SIGNAL STATE CONDITIONED ON METER MEASUREMENT
In the preceding section we have calculated the entangled state |Ψ , Eq. (3.8), of the combined system. In the present section we show how a measurement of the meter influences the state of the signal. In particular, we use the Wigner function approach to discuss the properties of the signal state conditioned on a quadrature measurement of the meter variable. Here we first consider an arbitrary quadrature state of phase angle θ and then in Sec. V focus the discussion on two special cases.
According to Eq. (3.8) the conditioned state
of the signal given that our quadrature measurement at angle θ has provided the value x m reads
where the filter function
originates from the interaction of the signal with the meter. The probability W (x m ) of finding the meter variable x m follows from the normalization condition
Equation ( 
We express the integral as the convolution [26] W (c) 
of the filter function. We express the latter in terms of the Wigner function
of the meter via the relation
V. SPECIAL EXAMPLES FOR CONDITIONED SIGNAL STATES
Whereas in the discussion of Sec. IV the angle θ of the meter quadrature is still arbritrary, we concentrate in the present section on two distinct cases: We choose (i) θ = φ, that is we measure in phase and (ii) θ = φ + π/2, that is out of phase measurement.
A. In phase measurement
If we choose the angle θ of the meter quadrature to be identical to φ, the state |Ψ , Eq. (3.8), of the complete system reduces to
Here we have made use of the phase γ = 2σtx s x m , Eq. (3.7), for θ = φ. Note that this expression also follows immediately from the Hamiltonian Eq. (2.3) and the expansions Eqs. (3.2) and (3.5) of the meter and signal states. We emphasize that in this case the meter wave function is not shifted. Nevertheless, the two states are still entangled via the exponential, Eq. (3.6). Since the shift δx m vanishes, the probability
of finding the meter variable x m following from Eq. (4.5) for θ = φ is identical to the initial probability of the meter, that is
Here we have used the fact that the original signal wave function is normalized. Hence, up to an overall phase µ m determined by the meter wave function 
Note that the measurement of the meter has indeed changed the state of the system but did not alter the probability This finding is actually a rather general result. In fact, it can be rigorously shown [27] that a (QND) measurement which does not change the probability density of the observable which is being measured on a single quantum system gives no information about the measured observable. Its proof, restricted for clarity to the model considered here, can be found in Sec. VII.
B. Out of phase measurement
We now turn to the case of θ = φ+π/2. In this case the shift δx m = 2σtx s in the meter wave function is maximal and according to Eq. (3.7) the phase γ vanishes. Hence, the combined state
is an entangled state in which the entanglement between the meter and signal is due to the shift of the meter. In contrast to the discussion of Sec. V A we can now deduce properties of the signal from the shift of the meter wave function. Unfortunately, we cannot simultaneously keep the probability distribution W (x s ) = |ψ s (x s )| 2 of the original signal state invariant, in accordance with the discussion at the end of Sec. V A (see Sec. VII). Indeed, we find from Eqs. (4.2) or (5.4) the conditional state
of the system given the meter measurement at phase φ + π/2 has provided the value x m . The probabilitỹ
of finding the meter value x m following from Eq. (4.5) is now a convolution of the system and the meter function. In Sec. VI B we will use this relation to perform tomography on the system. However, in the present section we focus on how the measurement influences the signal state. We note that in contrast to the discussion of Sec. V A the meter measurement has changed the conditional distributioñ
of finding the signal variable x s given a measurement of the meter has provided x m . Moreover, the Wigner function of the conditional system state is now given by
This Wigner function can again be expressed as the convolution 
Now, in contrast to Sec. V A, the filter Wigner function (5.17) does not reduce to a delta function, and therefore the Wigner function of the conditional signal state is not identical to the original one any more. This is indeed the effect of the measurement. This time, however, as we shall see in Sec. VI B, we can gain information about the signal.
VI. METER WAVE FUNCTION
We continue considering the meter measurement at an angle θ = φ + π/2 but discuss two extreme cases: (i) The meter wave function is broad compared to the signal wave function and (ii) the meter wave function is extremely narrow. In the first case we do not change the signal state appreciably but can only learn about the lowest moments of the signal distribution. In contrast, the second way of making a measurement destroys the state but repeated measurements on an ensemble of systems all prepared in an identical way allow us to reconstruct the signal state using tomographic cuts.
A. Weak measurements
Since ψ m is broad compared to ψ s we can evaluate ψ m at some characteristic value of x s , such as x s . In this case the conditional state, Eq. (5.9), reduces to
and the probabilitỹ
is the original meter probability shifted by an amount 2σt x s . Hence, when this shift 2σt x s is larger than the width of W m (x m ) = |ψ m (x m )| 2 , we can learn about x s . As seen from Eq. (6.1), in this case the state of the signal mode does not change appreciably.
B. Tomographic measurements
Optical homodyne tomography [8] [9] [10] [11] 28 ] is a method for obtaining the Wigner function (or, more generally [29] [30] [31] , the matrix elements of the density operator in some representation) of the electromagnetic field, preparing the field again in the same state after each measurement. It therefore consists of an ensemble of repeated measurements of one quadrature operator for different phases relative to the local oscillator of the homodyne detector. However, the method first employed in Ref. [9] needs a smoothing procedure, because, in order to reconstruct the Wigner function one has to perform an integral involving the marginal probability distribution of homodyne measurement [8] . This was indeed performed in Refs. [9, 10] by methods which are standard in tomographic imaging [32] .
In the present section we show that it is possible to perform tomography on the meter mode to obtain information about the signal state. To this end, we recall Eq. (5.10)
which gives the marginal distribution of the meter (probability distribution of the results of the measurements of x m ) in the case of out of phase measurements. Let us assume that the meter wave function is extremely narrow, that is the meter is initially in a highly squeezed state, for example a squeezed vacuum |0, ξ , where ξ = re i is the squeezing parameter. Then, according to Eq. (6.3), the marginal distributionW (x m ) is given by a convolution of the modulus square of the signal wave function with a narrow Gaussian
Now, if the modulus r of the squeezing parameter is large enough, the Gaussian (6.4) approaches a delta function in the meter and signal variables 5) and Eq. (6.3) reduces tõ
Hence, by measuring the probability distributionW (x m ) of the outcomes of the meter variable x m (for example via balanced homodyne detection performed on the meter field) we indirectly obtain the probability distribution W (x s ), up to a rescaling given by the factor 2σt. However, from Eq. (5.9) it is clear that in this case the signal wave function is changed, and therefore we need to prepare the signal field again in the same state after each measurement. This is what is usually done in quantum optical tomography [9] [10] [11] .
The advantage of the present scheme is that we perform an indirect measurement: We do not detect the signal mode outside the cavity (that is, we do not have to take the signal field outside the cavity), but we couple it to a meter field which is successively detected, thus overcoming the smearing effect introduced by the direct detection of the signal [33] . Moreover, there is no need of a smoothing procedure, since we are interested in the marginal probability distribution W (x s ) which is directly related toW (x m ) through Eq. (6.6). In order to probe the full state of the signal field, however, we would need to measure the probability distributionW (x m ) for various values of the phase [8] [9] [10] [11] [29] [30] [31] .
VII. NO MEASUREMENT WITHOUT A MEASUREMENT
In this section we show that if a QND measurement performed on the signal does not alter the probability density of the measured observable, then the measurement process does not provide any information about the measured observable itself. In order to keep the paper self-contained, we prove this conclusion for the model considered here, but this argument holds true also in general, independently of the chosen model [27] . The argument is the following:
Letρ s (0) = |ψ s (0) ψ s (0)| be the initial density matrix of the signal, andx s the measured observable, witĥ x s |x s = x s |x s . The initial probability density one would like to preserve is W 0 s (x s ) = x s |ρ s (0)|x s , and we are interested in a QND measurement ofx s . To this end, the signal is correlated to a meter which is initially in a certain state |ψ m , and eventually a measurement is performed on the meter to yield the inferred measurement resultx m . The measurement is then completely described [12] by the probability-amplitude operator 
After a measurement which gives the resultx m , the system is therefore described by the density matrix
where
is the probability to obtain the resultx m . Now, the probability density of the measured observable after the measurement is given by
Applying the QND condition (7.2) and (7.3) we obtain
If we require that this probability density does not change due to the measurement process,
is not a function of x s (the eigenvalues of the measured observable) and therefore also the eigenvalues Y (x s ,x m ) ofŶ (x s ,x m ) are independent of x s . Since the operatorŶ describes the measurement process, if its eigenvalues are independent of the eigenvalues ofx s , the measurement obviously gives no information aboutx s , unless the measured state is an eigenstate of the measured observable.
VIII. CONCLUSIONS
In this paper we have proposed a method to measure the quadrature probability distribution (or, more generally, the full quantum state) of a single mode of the electromagnetic field inside a cavity. It is based on indirect homodyne measurements performed on a meter field which is coupled to the signal field via a QND interaction Hamiltonian. We have named this procedure "endoscopic tomography" because (i) it does not require (in contrast to Refs. [9] [10] [11] ) to take the field out of the cavity, just as in "quantum state endoscopy" [1] , where a beam of two-level atoms is used as a probe; (ii) tomographic measurements performed (by balanced homodyne detection) on the meter mode allow us to reconstruct the marginal probability distribution of the signal variable or even the full quantum state.
We have computed the entangled (signal-meter) state which arises during the evolution under the QND Hamiltonian, and evaluated the conditional signal state (given that a measurement on the meter has provided a certain result). Then, we have concentrated ourselves on two special cases, namely, in phase and out of phase measurements. We have shown that in the first case the shape of the Wigner function of the signal is not changed by the measurement, but also that such a measurement does not provide any information on the signal state. In the second case, however, we can get information about the signal, but its initial state is changed due to the measurement performed on the meter: in this case, preparing the signal field again in the same state after each measurement, balanced homodyne detection of the meter mode allows the reconstruction of the original signal state. Finally, we have given an argument according to which the results we have found in our model are rather general: a QND measurement which leaves unchanged the probability distribution of the system observable does not provide any information on the signal state.
Hereâ andâ
† denote the annihilation and creation operators, respectively, with
Note that according to Eq. (B1) the action of the exponential of the quadrature operatorx(θ) at the angle θ on a quadrature eigenstate |x(θ ) at angle θ yields, apart from the phase
again a quadrature eigenstate at the angle θ , but with the eigenvalue
To prove Eq. (B1) we first express the operatorx(θ ), Eq. (B2), in quadrature operatorŝ
at the angle θ . After minor algebra we find using these expressions the relation
The Baker-Hausdorff relation [34] eÂ +B = eÂeBe Our goal is to measure the density operator of the signal s without taking the field out of the resonator. For this purpose, we couple it via a nonlinear medium of susceptibility χ to a pump and a meter field, p and m, respectively. The meter field is in a squeezed state created for example in a separate resonator by another nonlinear medium NL. The pump field is in a coherent state of large amplitude α and phase φ. The phase of the squeezing parameter is identical to φ. Apart from the nonlinear coupling between signal and meter, there is also a linear coupling between the two. When the susceptibility σ is equal to the product χα, the effective interaction Hamiltonian for signal and meter is the product of two quadrature operators of the two fields. In particular, the two operators are out of phase and their average phase is set by the pump field. Using part of the pump field as a local oscillator with phase θ, we perform a balanced homodyne detection on the meter coupled out of the resonator. When the homodyne phase θ is equal to the pump phase φ the interaction displaces the state of the signal field along the momentum axis and therefore leaves the position distribution invariant. Moreover, in this case the measured meter distribution is not influenced by the interaction with the signal. Since we have only displaced the quantum state of the signal, we have disturbed it in a controlled way. Unfortunately, we have not obtained any information about it. When the homodyne phase θ is out of phase with the pump phase φ the interaction changes the signal as well as the meter field . We therefore obtain information about the signal field but also disturb it. Consequently, we have to reprepare all quantum states after each measurement. To reconstruct the quantum state of the signal using tomography, we record the quadrature distributions of the meter for all phase angles 0 < θ < π. In these measurements the homodyne phase θ has to be locked to the pump phase φ such that θ = φ + π/2.
